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Def. A Proposition is a statement that is either true or false.

Examples. Which of the following are propositions?

Statement

Proposition (yes or no)

If yes, then determine
if itistrue or false.

UHD has a brick
exterior

1+3=0
2+ 3
X+ 7=18

x+7=18forx=9

x+7=18 for every real
number x

Notation: We use lower case |etters to denote propositions.

Def. Compound propositions are new propositions formed from existing

propositions using logical operators.

Note: We will discuss the following logical operators (also called

connectives)

- Negation operator, w

- Conjunction operator, U
- Digunction operator, U

- Exclusiveor, A
- Implication, ®

- Biconditional, «

(Other books use ~)

Def. Let p be aproposition. The statement " it is not the case that p" isa
proposition formed from p and the negation operator, called the negation of
p, which we denote by wp. This proposition isread as"not p". The truth-
value of wp istrue when pisfalse and false when p istrue.

Truth Table
P wp
T |F

F T
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Examples:
1. Let pbethestatement "7 + 1 = 6". Write the statement wp asan
English statement. What is the truth-value of wp?

2. Let p bethe statement "It is not Friday". Write the statement wp asan
English statement. What is the truth-value of wp?

Def. Let p and g be propositions. The statement "p and " isaproposition
formed from p, g and the conjunction operator, called the conjunction of p
and g, which we denote by pug. The truth-value of puq is true when both p
and g are true, otherwise puqisfalse.

Truth Table
puq

T[T
||| He

Def. Let p and q be propositions. The statement "p or q" isaproposition
formed from p, q and the digunction operator, called the digunction of p
and g, which we denote by pug. The truth-value of puqisfalse when both
p and g are false, otherwise puqistrue.

Truth Table
q |puUq
T

F
T
F
Examples. Let p be the statement "Houston is the capital of Texas" and let g
be the statement "Houston isa city in Texas'. Determine the following:

MmO

a. Thetruth-valuefor pua.

b. Thetruth-valuefor puq.

c. Thetruth valuefor wpuq
d. Thetruth valuefor w(puq)
e. Thetruth valuefor wpuq
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Def. Let p and q be propositions. The statement "p or g exclusively" isa
proposition formed from p, q and the exclusive or operator, called the
exclusive or of p and g, which we denote by pA g. The truth-value of pA q
is true when exactly one of p or qistrue, otherwise pA qisfalse.

Truth Table
pAq

|||
|||

Comparison: A familiar example of the use of an "exclusive or" isa
restaurant menu. "Price of the entree includes soup or salad”. Note that one
or the other isincluded in the price but not both. A familiar example of the
use of inclusive or isthe prerequisite for this course. " Students who have
taken calculus or computer science, can take this course.” Note that if a
student has taken both courses, then the student may still take this course.

Def. Animplication (or conditional statement) is statement of the form "if
p then g", denoted p ® . Such propositions are also read as"p implies g".
The"if part" is called the hypothesis (or premise), and the "then part” is
called the conclusion (or conclusion). Theimplication if p then g isfalse
only when the hypothesisis true and the conclusion is false.

P q P® q
T T
T F
F T
F F
Terminology: Animplication p ® @ may beworded in several different
ways.
> If p,thenq
> Ifp,q
» qifp
» ponlyifq

» pissufficient for q
» qisnecessary for p



Examples: Determine the truth-values for the following:

a. If 2isan even integer, then today is Friday.
b. If3+3=7,1+1=2

c. 1+1=2if3+3=7.

Def. Given theimplicationp ® q:

g ® pisthe converseof theimplicationp ® q.
wp® wqistheinverseof implicationp ® q.
w( ® wpisthe contrapositive of implicationp ® q.
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Example: Write the converse, the inverse, and the contrapositive of the

given implication:

If xI A thenxT AEB Proposition True or False?
Converse True or False?
Inverse True or False?

Contrapositive

True or False?

Def. The biconditional proposition denoted by p « @ isthe conjunction of

p ® qand q ® p. Theproposition p« g isread aspif and only if . The
biconditional proposition is true when both p and g have the same truth-
values and is false otherwise.

p« q

T | 4| H|o

T = m

Examples. Determine the truth-values for the following:

a. Thenumber 2isan odd integer if and only if today is Friday.

b. f3+3=7,1+1=2andconversalyif 1+ 1=2,3+ 3=7.
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Exercise. Let p and q be the propositions
p: It is below freezing.
g: Itissnowing
Write the following propositions using the symbols p and g and any
appropriate logical connectives.
Usethe following (a) —(d) to fill in the blank for i) and ii)
(@ pUQg (b) pPUG (c) P® g (d) noneof these

1) It is below freezing and snowing.
i)  Itisbelow freezing if it issnowing

Use the following (a) —(d) to fill in the blank for iii) - vi)
@ PAg (b PUQ (c) P® g (d) noneof these

i) Itisnot below freezing and it is not snowing.

Iv) Itiseither snowing or below freezing (or both).

V) It iseither snowing or below freezing (but not both).

vi)  That itisbelow freezing is necessary and sufficient for it to be
snowing.

Exer cise #24 Construct a truth table for each of the following compound

propositions.

) (pUq)Ur

€) (pUq) Uar



