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Mathematical Induction 
 
 
 
 
 
 
 
 
 
Note: N denotes the natural numbers {1, 2, 3, 4, ….} 
 
Theorem. (The Principle of Math Induction) (PMI) 
Let  N⊆M . 
If (i)  M∈1  
 (ii) MkMk ∈+∈ 1 then , If , 
then M = N. 
Proof. Assume N⊆M , M∈1 and that MkMk ∈+∈ 1 then , if . 

By way of contradiction suppose that NM ≠ . Let us define the 

following set, 

S = N – M. 

Since the set M is a proper subset of N, the set S is nonempty. 

Since S is a subset of the N and nonempty, the Well-Ordering 

Axiom (WOA) implies that there is a smallest integer x in S. By 

assumption M∈1 , which implies that S∉1 . This in turn implies 

that the smallest integer x in S is greater that one, i.e. x > 1. Since 

Sx∈ , by definition of S,  Mx∉ . By the contrapositive of (ii), 

Mx∉ implies that Mx ∉−1 .  By construction of S and Mx ∉−1 , we 

conclude that Sx ∈−1 . But x – 1 is smaller than x, and thus we 

have contradicted that x is the smallest element of S.  

Hence, M = N.       ��  

Well-Ordering Property  (Axiom) 
If A is any nonempty subset of the set of positive 
integers, then among the elements of A there is a smallest 
one. 
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WWhheenn  ttoo  uussee  tthhee  PPrriinncciippllee  ooff  MMaatthheemmaattiiccaall  IInndduuccttiioonn::  
--  WWhheenn  wwee  nneeeedd  ttoo  pprroovvee  aa  mmaatthheemmaattiiccaall  ssttaatteemmeenntt  ffoorr  eevveerryy  

nnaattuurraall  nnuummbbeerr..  
  
HHooww  ttoo  uussee  tthhee  PPrriinncciippllee  ooff  MMaatthheemmaattiiccaall  IInndduuccttiioonn::  
--  ((11))  IIddeennttiiffyy  tthhee  mmaatthh  ssttaatteemmeenntt  ttoo  bbee  pprroovveenn..  

((22))  SShhooww  tthhaatt  tthhee  ssttaatteemmeenntt  iiss  ttrruuee  ffoorr  tthhee  nnaattuurraall  nnuummbbeerr  
11..  
((33))  SShhooww  tthhaatt  iiff  wwee  aassssuummee  tthhaatt  tthhee  ssttaatteemmeenntt  iiss  ttrruuee  ffoorr  
ssoommee  kk,,  tthheenn  iitt  ffoolllloowwss  tthhaatt  tthhee  ssttaatteemmeenntt  mmuusstt  aallssoo  bbee  
ttrruuee  ffoorr  kk++11,,  ii..ee..  pprrooppeerrttyy  ((iiii))..  
((44))  CCoonncclluussiioonn::  BByy  tthhee  PPrriinncciippllee  ooff  MMaatthh  IInndduuccttiioonn……..  
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Proof: Let P(n) be the statement 
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Theorem  Let x and y denote any pair of real numbers for which 0 
< x < y. For each n∈N, 0< xn< yn. 
Proof. Assume x and y are any pair of real numbers for which 0 < 
x < y. Let P(n) denote the statement 0< xn< yn. By assumption 
P(1) is true. 
 Assume P(k) is true for some positive integer k. This means 
that 0< xk< yk for some positive integer k. Since y and xk are 
positive, multiplying the inequality 0 < x < y by xk will not reverse 
the inequality, and we get 
 
  0< xk+1 < yxk.       (1) 
Next multiply 0< xk< yk by y to get 
 
  0< yxk< yk+1.       (2) 
 
Combining the results in (1) and (2) using transitivity of 
inequalities yields, 
 
  0< xk+1 < yxk < yk+1. 
Thus P(k+1) is true, whenever P(k) is true. Hence by PMI, P(n) is 
true .Nn ∈∀  
        QED 
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Example: Prove that for all ( ) 2/11  , 2
1 nNn

n +≥+∈ . 

Proof: Let P(n) ______________________________________. 

Since ( ) 2/111
1

2
1 +=+ , P(1) is true.  

 Assume _________________________. This means that 
 
_____________________________________________. 
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Thus if P(n) is true, then P(n+1) is also true. Hence by PMI, 

( ) 2/11 2
1 n

n +≥+  _____________.     QED 

 
Example: Can PMI be used to show that 1   , +=∈∀ nnNn  ? 
Solution: Let P(n) be the statement n = n +1. Assume P(k) is true, 
that is assume k = k +1 for some integer k.  
 
 k + 1 = (k+1) + 1    since P(k) is true 
  = k + 2. 
Thus P(k+1) is true whenever P(k) is true. Hence by PMI,….? 
 
What happened? How could we prove this nonsense? 
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Sums of Geometric Progressions. Use mathematical induction to 
prove the following formula for the sum of a finite number of 
terms of a geometric progression. 
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j , when r is not equal to 1. 

 
 
 
 
 
 
 
 
 
 
 

Example: Use mathematical induction to prove that UI
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whenever the Ai are subsets of a universal set U and n is greater 
than 1. 
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