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M athematical | nduction

Well-Ordering Property (Axiom)

If A isany nonempty subset of the set of positive
integers, then among the elements of A thereisasmallest
one.

Note: N denotes the natural numbers{1, 2, 3, 4, ....}

Theorem. (The Principle of Math Induction) (PM1)

Let MI N.
If () 11 ™M

(i) 1f KT M, thenk+11 M,
then M = N.

Proof. Assume M i N, 11 M and that if kT M,thenk +11 M,
By way of contradiction supposethat M * N. Let us define the
following set,

S=N-M.
Since the set M is a proper subset of N, the set Sis nonempty.
Since Sis asubset of the N and nonempty, the Well-Ordering
Axiom (WOA) impliesthat thereisasmallest integer x in S By
assumption 11 M, which impliesthat 11 S. Thisinturnimplies
that the smallest integer X in Sis greater that one, i.e. x> 1. Since
xI S, by definitionof S xi M . By the contrapositive of (ii),
xI M impliesthat x- 1 M. By construction of Sand x- 11 M, we
concludethat x- 1I S. But x — 1 issmaller than x, and thus we
have contradicted that x isthe smallest element of S.

Hence, M = N.
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When to use the Principle of Mathematical | nduction:
- When we need to prove a mathematical statement for every
natural number.

How to usethe Principle of Mathematical | nduction:

- (1) ldentify the math statement to be proven.
(2) Show that the statement is true for the natural number
1.
(3) Show that if we assume that the statement is true for
some k, then it follows that the statement must also be
true for k+1, i.e. property (ii).
(4) Conclusion: By the Principle of Math Induction....

Theorem " ni N, éu-n(n+1)

N +D) ond let

Proof: Let P(n) be the statement a =

i=1
M ={nl N:P(n)istrue .
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Theorem Let x and y denote any pair of real numbers for which 0
< x<y.Foreachni N, 0< X< y".

Proof. Assume x and y are any pair of real numbers for which 0 <
X < y. Let P(n) denote the statement 0< x"< y". By assumption
P(1) istrue.

Assume P(K) istrue for some positive integer k. This means
that 0< X< y* for some positive integer k. Sincey and X are
positive, multiplying the inequality 0 < x < y by x* will not reverse
the inequality, and we get

0< Xk+1< ka. (1)
Next multiply 0< x*< y* by y to get
0< yx*< y* 1, 2)

Combining theresultsin (1) and (2) using transitivity of
inequalities yields,

0< Xk+1< ka< yk+l'
Thus P(k+1) istrue, whenever P(K) istrue. Hence by PMI, P(n) is
true " nT N.
QED
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Example: Prove that for all ni N, (1+%)n 31+n/2.
Proof: Let P(n)
Since (1+1) =1+1/2, P(1) istrue.

Assume . This means that

Thusif P(n) istrue, then P(n+1) isaso true. Hence by PMI,
(L+1) s 1+n/2 . QED

Example: Can PMI beusedto show that " nT N, n=n+17?
Solution: Let P(n) be the statement n = n +1. Assume P(K) istrue,
that isassume k = k +1 for some integer k.

k+ 1=(k+1)+1 since P(K) istrue
=k+ 2
Thus P(k+1) istrue whenever P(K) istrue. Hence by PMI,....?

What happened? How could we prove this nonsense?
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Sums of Geometric Progressions. Use mathematical induction to
prove the following formulafor the sum of afinite number of
terms of a geometric progression.

n ] n+l _ )
é ar =arr 1a’ whenr isnot equal to 1.

n n
Example: Use mathematical induction to prove that ﬂAk :UK,

k=1 k=1
whenever the A, are subsets of a universal set U and nis greater
than 1.
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