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Abstract. One of the objectives of intelligent data engineering and au-
tomated learning is to develop algorithms that learn the environment,
generate rules, and take possible courses of actions. In this paper, we
report our work on how to generate and apply such rules with a rule
matrix model. Since the environments can be interval valued and rules
often fuzzy, we further study how to obtain and apply rules for interval
valued fuzzy observations.

1 Introduction

In artificial intelligence, knowledge-based agents are designed and implemented
to observe the environments and to reason about their possible courses of actions
[17]. In such automated decision making systems, decisions are usually made
through matching input data (relevance of each environment feature) with a
certain set of rules. Examples of such systems are widely available in the litera-
tures of fuzzy systems [3, 9, 12, 15, 19] and neuro-fuzzy systems [13, 16].

1.1 The rule matrix model

Assume that an environment e contains m features, and n possible different de-
cisions, d1, d2, · · · , dn, that could be made based on the presences of the environ-
ment features. Let e = (e1, e2, · · · , em)T be an observation of the environment,
i.e., e denotes the degree to which certain features of an environment are present.
Then, a knowledge-based agent may select a specific decision according to the
m by n matrix below:

P =




p11 p12 ... p1n

p21 p22 ... p2n

... ...
pm1 pm2 ... pmn


 (1)



by matching the input e with column vectors of P . If the observation vector e
matches Pj , the jth column of P , then the jth decision dj should be selected.
We call P the rule matrix. The decision making process is called the rule matrix
model. In this paper, our study is focused on the rule matrix model.

1.2 Problems to be addressed in this paper

In this paper, we mainly address the following two problems:

1. How to establish and adjust a rule matrix P ; and
2. How to make a reasonable decision from a general observation that does not

match any column of P?

We address the above two questions in section 2 and 3 respectively. Then, we
extend the results to interval valued training set, fuzzy rule matrix, and obser-
vations in section 4. We conclude our study in section 5.

2 Establishing and adjusting the rule matrix

The main purpose of this section is to sketch a method that estimates the rule
matrix P . Without losing of generality, we normalize the environment obser-
vation vector e such that 0 ≤ ei ≤ 1 ∀i ∈ {1, 2, · · · ,m} and Σm

i=1ei = 1. We
also assume that each column vector of P is also normalized which means that
0 ≤ pij ≤ 1 ∀j ∈ {1, 2, · · · , n} and ∀i ∈ {1, 2, · · · ,m}; and Σm

i=1pij = 1 for any
given j ∈ {1, 2, · · · , n}.

Let E be a known data set that contains N environment-decision pairs. Since
we have used a subscript ek to indicate the kth feature of an environment, we
use a superscript ek to denote the kth observation of the environment. Then,
an environment-decision pair, [ek, dk∗ ] in E represents the desired decision dk∗

under a given environment ek where, 1 ≤ k ≤ N and 1 ≤ k∗ ≤ n. A naive way
to determine Pj , the jth column of P , is to let Pj = ek if j = k∗. This certainly
ensures that the jth decision will be selected if the environment is ek. However,
this simple method will not work appropriately since the same decision dj may
be taken for different environment observations and very likely, in most cases,
n << N .

Reasonable properties of Pj should include the following: It should be close
enough to all of these eks such that k∗ = j and far away from those eks that
k∗ 6= j. Since observation vectors and columns of rule matrices are normalized,
to determine Pj , we need to solve the problem below:

To find a Pj that minimizes: Wj =
∑

k∗=j

||ek − Pj ||+
∑

k∗ 6=j

(1− ||ek − Pj)||) (2)

It is assumed that a feature extraction has been previously performed, thus
the feature vectors generating a decision are presumably well separated. An



alternate method would be to do a least square fit for each decision k∗. If we
use the 2-norm in equation (2), then the problem we need to solve is to find a
Pj that

Minimizes: Wj =
∑

k∗=j

(
m∑

i=1

(ek
i − pij)2) +

∑

k∗ 6=j

(1− (
m∑

i=1

(ek
i − pij)2)) (3)

Since all environment-decision pairs, [ek, dk∗ ]s, are given, we can solve (3)
numerically. Hence, we have an algorithm to establish the rule matrix P :
Algorithm 2.1:

for k = 1 to N
input environment-decision pairs
normalize the environment vectors

for j = 1 to n
minimize (3) subject to the normalization condition

The matrix obtained by Algorithm 2.1 is from the training set E. Since new
data may be obtained from time to time, we may adjust the matrix P “online”
dynamically with newly available data.

3 Making decision from an observation

3.1 The problem

After obtaining the rule matrix P , for a new observation e, one may pick the
decision dj∗ if ||e−Pj∗ || = min

j∈{1,2,···,n}
||e−Pj ||. However, there are still questions

that need to be answered. For a general observation e 6= Pj , ∀j ∈ {1, 2, · · · , n},
there could be possibly multiple output of the j∗. Multiple j∗ may come from
calculating j∗ with different norms, or from the fact that e almost equally close
to several columns of P . In addition, the measurement of e may not be exact
due to noise. Therefore, we need to further study decision making with fuzzy
systems.

3.2 Decision making with fuzzy logic

Let us first recall a few basic definitions and facts about inference in a fuzzy
system.

– If U denotes a set, a fuzzy subset of U is characterized by a function ϕ from
U into [0, 1]. The function ϕ is called the membership function of the set.

– If we denote a fuzzy subset of U by A and if ϕ is its membership function,
then for u ∈ U , ϕ(u) denotes the membership of u in A. Of course, if A is a
standard subset (i.e., a “crisp subset”) of U , ϕ(u) is either 1 (i.e., u ∈ A) or
0 (i.e., u 6∈ A).



– Let pij and dj be fuzzy sets for 1 ≤ i ≤ m, and 1 ≤ j ≤ n. A fuzzy rule Rj

for an m-dimensional vector e = (e1, e2, · · · , em), is defined as if e1 is p1j , e2

is p2j , · · ·, em is pmj , then d is dj ;

– For an input e = (e1, e2, · · · , em), ϕj(e) =
Πm

k=1ϕkj(ek)
Σn

l=1Π
m
k=1ϕkl(ek)

denotes the

strength of the rule Rj relative to e. That is to what extent rule Rj should
be counted (on a scale of 0 to 1) when input e is applied.

For additional information on fuzzy systems and inference, we refer readers
to [3, 9, 15, 19].

We now build the matching process between e and the jth column of P
in terms of fuzzy systems. Here after, we replace the entries pij of P as fuzzy
sets whose membership functions are triangular functions, having value 1 at pij

obtained from Algorithm 2.1. More specifically, if we let σ be a positive real
number less than 1, we can define the triangular function ϕij as the follow:

ϕij(x) =





1 if x = pij
x

σpij
+ 1− 1

σ
if (1− σ)pij < x < pij

−x

σpij
+ 1 +

1
σ

if pij < x < (1 + σ)pij

0 otherwise

(4)

Then, the strength of the jth rule for given input e can be defined as

ϕj(e) =
Πm

k=1ϕkj(ek)
Σn

j=1Π
m
k=1ϕkj(ek)

(5)

Through using fuzzy rules, the ϕj(e) above provides a degree of matching be-
tween e and the antecedent of each rule/decision dj . One could select the dj∗

with the strongest strength, which means that ϕj∗(e) = max
j∈{1,2,···,n}

ϕj(e), as the

decision. Any t-norm could be used instead of the product. We thus obtain the
normalized strengths of the rules.



3.3 An index approach for decision making

Instead of applying a rule with the strongest strength, one may want to consider
all rules whose strength are above a given threshold τ ∈ [0, 1]. In order to do
this, we define the center of gravity of these rules as

I(e) = Σn
j=1jϕj(e) (6)

Note that the antecedents of the rules are fuzzy with membership functions ϕj

while the consequents are indices of appropriate decisions. I(e) is “the index of
the most relevant rule given the feature input e”. Of course, I(e) is not a whole
number in general. But we could select the rule whose output is “the closest” to
I(e). This would be a reasonable way to pick the right rule provided the decisions
are “clustered” in the right way which means that ds is close to dk if the column
vectors of P , Ps and Pk are close.

The above reasoning follows the use of the center of gravity of the output
when we have a set of fuzzy rules. See [15] and [19] for example.

4 Interval valued observations

4.1 Why intervals?

In the above discussion, we implicitly assume that training data set are point
valued. However, in real world applications, it would be most appropriate to
study interval valued observations [2, 18]. This is because of that (a) Environment
observations usually contain errors. Using intervals to represent them is more
appropriate than using points; (b) With interval valued input data, one will
obtain interval valued rule matrix; and (c) Decisions need to be made with
interval valued observation based on an interval rule matrix.

In this section, we use boldface letters to denote interval variables. For ex-
ample, we use x to denote an interval, and x and x for its greatest lower bound
and least upper bound respectively.

4.2 Using interval valued training set

We now consider an interval valued training set (e1, j1), · · · , (eN , jN ), where
ei is a vector with interval valued components and j1, ..., jN are integers in
{1, 2, ..., n}.

With interval arithmetic [6–8, 10, 11], one may apply Algorithm 2.1 to obtain
an interval valued rule matrix P such that [p

ij
, pij ] ⊆ [0, 1]. To make a decision

for an interval valued environment observation e, an exact match would be
∀k ∈ {1, 2, · · · , m}, ek ⊆ [p

kj
, pkj ] for a fixed j. This implies that decision dj is

the right one when features are presented as indicated by the interval vector e.
We now have introduced an uncertainty on the presence of features by specifying
the lower and upper bound of that presence.



If for any fixed j the input e may not have the property that ek ⊆ [p
kj

, pkj ]
for all k. There could be some overlap between intervals ek and [p

kj
, pkj ]. We

need to extend the concept of strength of a rule defined previously in section 3.
In order to define the strength of rule j relative to an interval valued observation
vector e = [e1, e2, · · · , em]T , let us first define a trapezoidal function ϕij(x) for
a real x similar to (4) to fuzzify the rule matrix:

ϕij(x) =





1 if x ∈ pij
x

σp
ij

+ 1− 1
σ

if (1− σ)p
ij

< x < p
ij

−x

σpij

+ 1 +
1
σ

if pij < x < (1 + σ)pij

0 otherwise.

(7)

To apply (7) for an interval x, we get an interval

φij(x) = [min{ϕij(x), ϕij(x)}, max{ϕij(x), ϕij(x)}] (8)

For the ith entry of an interval valued environment vector e, denoted as ei,
the largest intersection of φi,j and ei is defined as the possibility function below

Poss[φi,j |ei] = sup{φi,j(v) ∧ ei(v)} (9)

where ei(v) =
{

1, if v ∈ ei

0, otherwise .

We define the strength of a specific rule/decision, say j, with respect to an
interval observation e through the use of possibility functions as

φj(e) =
Πm

k=1Poss[φk,j |ek]
Σn

t=1Π
m
k=1Poss[φk,t|ek]

(10)

To make a decision for an input e based on interval valued fuzzy rule matrix,
we may pick the strongest rule j∗, where φj∗(e) > φj(e) for j ∈ {1, 2, · · · , n}.
Then, dj∗ is the decision. We could also take the index approach (6) similarly pro-
vided that the decisions are arranged so that the distance between the columns
d1, d2, ...dn reflects the distance between the interval vectors d1, d2, ...dn.



Another approach for decision making with interval valued fuzzy rule matrix
is based on the idea of the necessity function. A necessity function of φi,j with
ei is defined as the follow:

Nec[φi,j |ei] = sup
v
{[1− ei(v)] ∨ φi,j(v)} (11)

We then have

ψj(e) =
Πm

k=1Nec[φk,j |ek]
Σn

t=1Π
m
k=1Nec[φk,t|ek]

(12)

For more properties of possibilities and necessities, readers may refer [14] and
[19]. One may select the decision according to the highest necessity as well. The
term |ψj(e) − φj(e)| reflects to some extend the uncertainty surrounding the
input e, since it represents the difference generalized by taking the possibility
versus the necessity function.

Once the strength of rule Rj is defined relative to the interval input e as φj(e)
if we use the possibility function, or as ψj(e) if we use necessity function, there
are many ways to obtain the fuzzy output generalized by e and then obtaining
the defuzzification. We refer the reader to [9] to see these different approaches
to defuzzification.

5 Summary

In this paper, we have studied the rule matrix model for an intelligent agent. To
obtain a rule matrix for an agent, we use a training environment-decision data
set. Since the training data set and the input observation may not be exact in
real world applications, we have fuzzified the rule matrix and then developed
methods of decision selection by calculating strength of a rule.

In addition of using point valued training data to obtain a rule matrix, we
have applied interval arithmetic which makes us able to obtain interval rule
matrix from interval valued training data set. By doing this, we have allowed
uncertainty on the input. Through applying possibility and necessity functions,
we yield an interval-valued functions φj and ψj for an input e. Making a decision
becomes a defuzzification problem. In case the input is a degenerated interval
vector i.e. a point, then φj(e) will be the same as ψj(e).
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